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Abstract. In this paper we consider the C*-aIgebra C* {{C^}ur{PQC(T))) /K{H^) 
generated by Toeplitz operators with piece-wise quasi-continuous symbols and 
a composition operator induced by a paraboUc linear fractional non-automorphism 
symbol modulo compact operators on the Hilbert-Hardy space . This C*- 
algebra is commutative. We characterize its maximal ideal space. We apply 
our results to the question of determining the essential spectra of linear com- 
binations of a class of composition operators and Toeplitz operators. 



INTRODUCTION 

Toeplitz-composition C*-algcbras arc C*-algcbras generated by the shift operator 
Tz and a composition operator induced by a hnear fractional self-map of ES. 
The structure of these C*-algebras rely heavily upon whether is an automorphism 
or not. The automorphism case was investigated in detail by Jury in [Jur] whereas 
the non- automorphism case was investigated by Kriete, MacCluer and Moorhouse in 
[KMM] . However before [Jur] and [KMM] , it was shown by Bourdon, Levi, Narayan 
and Shapiro [BLNS] that for any parabolic linear-fractional non-automorphism lyj, 
the self-commutator C*C^ — C^C* of the composition operator and the commutator 
TzCtp — CipTz are compact on the Hardy space H^. Hence if is a parabolic non- 
automorphism then the Toeplitz composition C*-algebra is commutative modulo 
compact operators. It is our aim in this paper to extend this result to Toeplitz 
composition C*-algebras whose Toeplitz operators have a larger class of symbols 
namely the piece-wise quasi-continuous class PQC{T). 

For a given subalgebra B C L°°(T), the Toeplitz C*-algebra generated by 
Toeplitz operators with symbols in B is denoted by T{B) and is defined as 

T{B)^C*{{Ta:aeB}) 

When B — C(T) the algebra continuous functions on the circle, Coburn [Co] showed 
that for any a,b & C(T), 

TaTb - Tab e K{H^) 
and hence T{C{T)) / K{H'^) is commutative. Coburn has also shown that 

T{C{T))/K{H^) = C(T) 
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This means that for any a E C(T), Ta is Fredholm if and only if a(A) ^ VA G T. 
In this case the Fredhohn index indiTa) is given by 

ind{Ta) = -17- / — 

Moreover one has Va G C(T) and V& £ L°°(T), 

TaTfc - Tab e K{H^). 

Douglas [Dou] carried Coburn's result one step further by showing that Va G H°° + 
C and V6e L°°(T), 

rar6-ra&Gi^(i/'). 

From this one deduces that T{QC{T) / K{H'^) is a commutative C*-algebra and 
moreover 

T{QC{T))/K{H'^) = QC{T) 

where QC (T) ~ {H°° + C) H {H°° + C) is the algebra of quasi-continuous functions 
on T. The Toeplitz C*-algebra TiPC(T))/K{H^) was analyzed in detail by Go- 
hbcrg and Krupnik in [GoK] where PC (T) is the algebra of piece-wise continuous 
functions on T which is defined as follows: 

PCm = {ae L°°m : lim aiXe'") = a(A+), lim a(Xe'^) = a(X-) exist VA e T} 

61^0+ ■ 0^0- 

They showed that Va, b £ PC{T) the commutator 

Tan~Ti,TaeK{H^), 
however the semi-commutator 

TaTb - Tab ^ K{H^) 

unless a and b have no common point of discontinuity. Hence T{PC{T)) / K{H'^) 
is a commutative C*-algebra but is not isometrically isomorphic to PCiT). Go- 
hberg and Krupnik also give an explicit description of the maximal ideal space of 
T{PC{T))/ K{H^) as the cylinder T x [0, 1] equipped with the topology consisting 
of the subsets 

U{e"^° , 0) = {{e'^, <) : ^0 - (5 < < <i3o, < i < 1} U {{e'^°,t) : < t < e} 
U{e"^", 1) = {(e*'^,<) ■.ipo<^<^a+S,0<t<l}U {{e'^^t) : I - e < t < 1} 
U{e'^\to) = {{e'^\t) : to - < i < <o + 

where the action of any (A,t) e T x [0,1] on any [r„] e T{PC{T))/ K{H'^) with 
u e PC{T) is given by 

{X,t){[Tu])^tu{X+) + {l-t)uiX-). 

In [Sari] Sarason examined the Toeplitz C*-algebra T{PQC(T)) in detail where 
PQC{T) is the algebra of functions generated by PC{T) and QC{T). By the 
results of Gohberg-Krupnik and Douglas, it is clear that T{PQC{T))/ K{H'^) is a 
commutative C*-algebra. In [Sar2] Sarason characterized the maximal ideal space 
M(r(PQC(T))//\:(7f2)) of r(PgC(T))/A'(7J2) as a certain subset ofM(QC(T))x 
[0,1]. In [Gul] we introduced a class of operators on iJ^(D) called the "Fourier 
muhipliers". For any e C([0,oo]), the Fourier multiplier : H^{B) H'^{D) 
is defined as 

= <I>"^ o J"-! o M^oTo^ 
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where $ : H'^{D) — > i?^(H) is the isometric isomorphism 

(<i>/)(z) = -1-/ 



T is the Fourier transform and M^} : L^(]R+) L^(IR+) is the multiphcation 
operator 

We showed in [Gul] that for any i) e C([0, oo]) and a E QC{T) the commutator 

[Ta, D^] = TaD^ - D^Ta G K{H^). 

In her thesis, R. Schmitz [Sch] studied the C*-algebra generated by Toephtz op- 
erators with PC{T) symbols and the composition operator with parabohc hnear- 
fractional non-automorphism symboL The symbol (pa of this composition operator, 
where a G C with Q{a) > 0, looks like 

, , (2i — a)z + a 

^a{z) = 

—az + li 

Since 

= T2i-a-azD^^ (1) 

where i}a{t) = e'°*, the C*-algebra that Schmitz considered coincides with the 
C*-algebra generated by Toeplitz operators with PC(T) symbols and continuous 
Fourier multipliers. Schmitz showed that this C*-algebra is commutative modulo 
K{H'^) by showing that the commutator \Ta,D{)\ S K[H'^). Let 

*(PQC(T), C([0, ^]) = C*{r{PQC{T)) U Fc([o,oo])) 

where fc([o.oo]) = {-D^ : G C([0,c>d])} is the set of all continuous Fourier multi- 
pliers. By equation (1) we also have 

*(PQC(T), C([0, oo]) = C*{T{PQC{T)) U {C^ J) 

for S(a) > 0. Then by [Gul] and [Sch], *(PQC(T), C([0, oo])/A'(^^) is a com- 
mutative C*-algebra. In this work we describe the maximal ideal space of this 
C*-algebra. In particular we prove the following result: 

Main Theorem. Let 

vI/(PQC(T),C([0,oo]) = C*{T{PQC{T)) U Pc([o,oo])) = C*{T{PQC{T)) U {C^J) 

he the C*-algebra generated by Toeplitz operators with piece-wise quasi- continuous 
symbols and Fourier multipliers on the Hardy space (D) . Then 
'i/{PQC{T),C{[0,oo])/K{H'^) is a commutative C*-algebra and its maximal ideal 
space is characterized as 

M{-^) = (A/i {T{PC)) X Ah (QC) X [0, c»])U([UAeT(MA(r(PC)) x Ah (QC))] x {ex.}) 

where A^h{T{PC)) = {x G M{J-{PC)) : x \cij)^ h.SxiTf) = /(A)} and Ah{QC) ^ 
{x e M{QC) : X |c(T)= ^a,^a(T/) = /(A)} are the fibers of AI{T{PC)) and 
Ad{QC) at A respectively. 

In [Gul] we showed that a certain class of composition operators acting on H'^(B), 
called "the quasi-parabolic" composition operators fall inside the C*-algebra 
^((5C(T), C([0, oo])). Using this result we determine the essential spectra of linear 
combinations of quasi-parabolic composition operators and Toeplitz operators with 
piece-wise quasi-continuous symbols by the above characterization of the maximal 
ideal space om>{PQC{T),C([0,oo])/K{H^). 
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1. PRELIMINARIES 

In this section wc fix the notation that we wih use throughout and recaU some 
preliminary faets that wiU be used in the sequeL 

Let S" be a compact HausdorfF topological space. The space of all complex valued 
continuous functions on S will be denoted by C{S). For any / € C(S'), || / ||oo will 
denote the sup-norm of /, i.e. 

ll/l|oc=sup{|/(s)|:,se5}. 

For a Banach space X, K{X) will denote the space of all compact operators on X 
and B{X) will denote the space of all bounded linear operators on X. The open 
unit disc will be denoted by D, the open upper half-plane will be denoted by H, the 
real line will be denoted by M and the complex plane will be denoted by C. The 
one point compactification of M will be denoted by R which is homeomorphic to T. 
For any z g C, 5R(z) will denote the real part, and ^(z) will denote the imaginary 
part of z, respectively. For any subset S C B{H), where H is a. Hilbert space, the 
C*-algebra generated by S will be denoted by C*{S). The Cayley transform £ will 
be defined by 



For any a E L°°{M.) (or a E L°°{T)), Ala will be the multiplication operator on 
L2(]R) (or L2(T)) defined as 

Maif){x) = a{x)fix). 

For convenience, we remind the reader of the rudiments of Gelfand theory of com- 
mutative Banach algebras and Toeplitz operators. 

Let A be a commutative Banach algebra. Then its maximal ideal space M{A) 
is defined as 

M (A) = {xe A* : x{ah) = x{a)x{b) Va, b e A} 

where A* is the dual space of A. If A has identity then M{A) is a compact 
Hausdorff topological space with the weak* topology. The Gelfand transform 
T:A~^ C{M{A)) is defined as 

T{a){x) = x{a). 

If A is a commutative C*-algebra with identity, then F is an isometric *-isomorphism 
between A and C{M{A)). If A is a C*-algebra and / is a two-sided closed ideal of 
A, then the quotient algebra A/ 1 is also a C*-algebra (see [Dav]). For a E A the 
spectrum cryi(fl) of a on A is defined as 

cr^(a) = {AGC;Ae — a is not invertible in A}, 

where e is the identity of A. Wc will use the spectral permanency property of 
C*-algebras (sec [Rud], pp. 283 and [Dav], pp.15); i.e. if A is a C*-algcbra with 
identity and _B is a closed *-subalgebra of A, then for any b £ B wc have 

aB{b)^aA{b). (2) 

To compute essential spectra we employ the following important fact (see [Rud], 
pp. 268 and [Dav], pp. 6, 7): If A is a commutative Banach algebra with identity 
then for any a G A we have 

crA(a) = {r(a)(x-) = x{a) : x e M{A)}. (3) 
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In general (for A not necessarily commutative), we have 

cTAia) D {x{a) : x S M{A)}. (4) 

For a Banach algebra A, we denote by com{A) the closed ideal in A generated 
by the commutators {0102 — 0201 : 01,02 G A}. It is an algebraic fact that the 
quotient algebra A/com{A) is a commutative Banach algebra. The reader can find 
detailed information about Banach and C*-algebras in [Rud] and [Dav] related to 
what we have reviewed so far. 

The essential spectrum <Je{T) of an operator T acting on a Banach space X is 
the spectrum of the coset of T in the Calkin algebra B{X) / K{X), the algebra of 
bounded linear operators modulo compact operators. The well known Atkinson's 
theorem identifies the essential spectrum of T as the set of all A £ C for which 
A/ — T is not a Fredholm operator. The essential norm of T will be denoted by 
II T lie which is defined as 

II T ||e=inf{|| T + K\\:Ke K{X)} 

The bracket [•] will denote the equivalence class modulo K{X). An operator T E 
B{H) is called essentially normal if t*T-TT* G K{H) where iJ is a Hilbert space 
and T* denotes the Hilbert space adjoint of T. 

For 1 < p < 00 the Hardy space of the unit disc will be denoted by iJP(D) and 
the Hardy space of the upper half-plane will be denoted by iJP(H). 

The two Hardy spaces and H'^{S) are isometrically isomorphic. An iso- 

metric isomorphism $ : i7^(D) — > H'^{S) is given by 



g (5) 
The mapping $ has an inverse : H^{M) — > iJ^(D) given by 

For more details see [Hof, pp. 128-131]. 

The Tocplitz operator with symbol a is defined as 

Ta=PMa\H^, 

where P denotes the orthogonal projection of onto H^. A good reference about 
Tocplitz operators on is Douglas' treatise ([Dou]). Although the Toeplitz oper- 
ators treated in [Dou] act on the Hardy space of the unit disc, the results can be 
transfered to the upper half-plane case using the isometric isomorphism $ intro- 
duced by equation (5). In the sequel the following identity will be used: 

$-ior„o$ = T„„c-i, (6) 

where a € L°°{M.). We also employ the fact 

||T„, ||e=||Tj| = j|a||,3o (7) 

for any a £ which is a consequence of Theorem 7.11 of [Dou] (pp. 160- 

161) and equation (6). For any subalgebra A C L°°{T) the Toeplitz C*-algebra 
generated by symbols in A is defined to be 

T{A)^C*{{Ta:aeA}). 
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It is a well-known result of Sarason (see [Sar2] ) that the set of functions 

H°- + C = {h + h: he H^{B),f2 e C{T)} 

is a closed subalgebra of L°°(T). The following theorem of Douglas [Don] will be 
used in the sequel. 

Theorem 1 (Douglas' Theorem). Leta,b G H°°+C then the semi- commutators 

Tab - Tan e K{H\B)), Tab - UTa G i^(i/'(B)), 

and hence the commutator 

[Ta, Tb] = TaTb - TbTa G K{H^{0)). 

Let QC be the C*-algebra of functions in H°° + C whose complex conjugates 
also belong to H°° + C . Let us also define the upper half-plane version of QC as 
the following: 

gC(M) = {a G L°°(M) : a o G QC}. 

Going back and forth with Cayley transform one can deduce that QC(R) is a closed 
subalgebra of L°°(M). 

Let scom{QC{T)) be the closed ideal in T(QC(T)) generated by the semi- 
commutators {TaTb — Tab : a,b e QC{T)}. Then by Douglas' theorem, we have 

com{T{QC{T))) C scom{QC{T)) C K{H^{B)). 
By Proposition 7.12 of [Don] we have 

com{T{QC{T))) = scom{QC{T)) = K{H^{B)). (8) 

Now consider the symbol map 

E : gC(T) ^ T{QC{T)) 

defined as S(a) ~ Ta- This map is linear but not necessarily multiplicative; however 
if we let q be the quotient map 

q : T{QC{T)) ^ T{QC{T))/scom{QC{T)), 

then q o S is multiplicative; moreover by equations (7) and (8), we conclude that 
go S is an isometric *-isomorphism from QC{T) onto T{QcIt))/K{H'^{]0))). 

Definition 2. Let ip : D — > Bi or (p : M — > M be a holomorphic self-map of 
the unit disc or the upper half-plane. The composition operator Cp on HP(Mi) or 
JJP(EI) with symbol ip is defined by 

C^{g){z)=g{p{z)), zGB or z G H. 

Composition operators of the unit disc are always bounded [CM] whereas com- 
position operators of the upper half-plane are not always bounded. For the bound- 
edness problem of composition operators of the upper half-plane see [Mat] . 

The composition operator C^ on i?^(D) is carried over to ( '^^^^' )Cy on i/^(H) 
through $, where (p ~ <Zo p o C~^, i.e. we have 

= T.^^^.C^. (9) 
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The Fourier transform of / G S(R) (the Schwartz space, for a definition see 
[Rud, sec. 7.3, pp. 168]) is defined by 

= fit) = ^J ^ e~^'^f{x)dx. 

The Fourier transform extends to an invertible isometry from (K) onto itself with 
inverse 

1 



+ 00 



\J l-K J-oo 

The following is a consequence of a theorem due to Paley and Wiener [Koo, pp. 110- 
111]. Let 1 < p < oo. For / e LP(M), the following assertions are equivalent: 
{i) f g HP, 
(a) supp(/) C [0, oo) 

A reformulation of the Paley- Wiener theorem says that the image of i7^(H) 
under the Fourier transform is L^([0,oo)). 

By the Paley- Wiener theorem we observe that the operator 

for ■& e C([0, oo]) maps i7^(D) into itself, where C([0,oo]) denotes the set of con- 
tinuous functions on [0, oo) which have limits at infinity and $ is the isometric 
isomorphism defined by equation (5). Since T is unitary we also observe that 

\\ \\ = \\ \\ = \\ § \\^ (10) 

Let F be defined as 

F = {Ds G B{H\B>)) : d € C([0, oo])}. (11) 

We observe that F is a commutative C*-algebra with identity and the map D : 
C([0,oo]) ^ F given by 

is an isometric *-isomorphism by equation (10). Hence F is isometrically *-isomorphic 
to C([0,oo]). The operator D§ is usually called a "Fourier Multiplier." 
We observe that 

T 2.(1-.) a„„ ^ Dj)^ (12) 

where 

{2i-a)z + a 

^a{z) = 13) 

—az + a + 2i 

and 



2. MAXIMAL IDEAL SPACE OF THE TOEPLITZ-COMPOSITION C*-ALGEBRA 

In this section we will analyze the structure of the C*-algebra C*({C^^} U 
T{PQC{T))) generated by the composition operator C^^ and Toeplitz operators 
with piece-wise quasi-continuous symbols where ipa is as in equation (13) with 
3 (a) > 0. By equation (12) and an easy application of Stone- Weierstrass theorem, 
this C*-algebra is the same as ^'(P(3C(T), C([0, oo])), the C*-algebra generated by 
Toeplitz operators with piece- wise quasi-continuous symbols and continuous Fourier 
multipliers. 



8 



U. GUL 



By the results of [Gul] and [Sell] the C*-algebra ^{PQC{T),C{[0,oo]))/K{H^) 
is commutative with identity. Hence it is of interest to characterize the maximal 
ideal space of this C*-algebra. 

We will use the following theorem due to Power [Pow] in identifying the maximal 
ideal space of ^{PQC{T),C{[0,oo])/K{H^y. 

Theorem 3 (Power's Theorem). Let Ci, C2 and C3 be three C*-suhalgehras of 
B{H) with identity, where H is a separable Hilbert space, such that M{Ci) 7^ 0, 
where M{Ci) is the space of multiplicative linear functionals of Ci, ? = 1, 2, 3 and 
let C be the C*-algebra that they generate. Then for the commutative C*-algebra 
C = Clcom{C) we have M{C) = P(Ci, Ca, C3) C M(Ci) x M(C2) x M(C3), where 
P{Ci,C2:C^) is defined to be the set of points (xi, cca, xa) € M(Ci) x M(C2) x 
M{C^) satisfying the condition: 

Given < ai < 1, < 02 < 1, < aa < 1 ai e Ci, 02 G C2, 03 G C3 
Xi{ai) = 1 with i = l,2,3 j|aia2a3|| = 1. 

The proof of this theorem can be found in [Pow]. We prove our main theorem 
as follows: 

Main Theorem. Let 

^{PQC{T),C{[Q, 00]) = C*{r{PQC{T)) U ^^c([o,oo])) = C*{r{PQC{T)) U {C^ J) 

be the C*-algebra generated by Toeplitz operators with piece-wise quasi- continuous 
symbols and Fourier multipliers on the Hardy space (D) . Then 
^(PQC(T), C([0, oo])/_ft'(iJ^) is a commutative C*-algebra and its maximal ideal 
space is characterized as 

Mi'f) = {Ah{T{PC)) X AhiQC) X [0, <x])U{[UxeT{Mx{r{PC))xMx{QC))] x {00}) 

where Mx{T{PC)) - {x G M{T{PC)) : x \c(j)= Sx,6x{Tf) = /(A)} and Mx{QC) ^ 
{x G M{QC) : X |c(T)== Sx,Sx{Tf) = /(A)} are the fibers of M{T{PC)) and 
M{QC) at A respectively. 

Proof. By the results of [Gul] (Lemma 7) and [Sch] (Lemma 2.0.15) we already know 
that *(PQC(T),C([0,oo])//C(iJ2(]D))) is a commutative C*-algebra with identity. 
We will prove that the characterization of its maximal ideal space is as above. We 
use Power's theorem in our proof. Since for any ideal L d Ai where Ai for i = 1, 2, 3 
is a C*-algebra and / is a closed ideal we have 

C*(Ai U A2 U A3)// = C*{{A,/I) U {A2/L) U (A3//)), 

we take H to be such that B{H'^) / K{H'^) C B{H), 

Ci = T{PC{T))/K{H^),C2 - r(gC(T))/K(i/2),C3 = C*(Fc[o,oo]UA-(i/2))/A'(i/2) 
and 

C = ^{QC{T), C{[0, cx^]))/K{H^m. 

We have 

Af(Ci) = M{T{PC)), M(C2) = M{QC) and MiCs) = [0, 00]. 

So we need to determine {x,y,z) G M{T{PC)) x M{QC) x [0, 00] so that for aU 
ai G PC{T),a2 G QC(T) and d G C([0, 00]) with < a, &, i9 < 1, we have 

T;,(x)=a2(2/) = ^?(^)-l^l|T,,T,,i^^||e=l or \\ D^Ta.Ta, \\e^ ^- 
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For any x e M{A) where A = T{PC{T))/K{H^) or A ^ QC{T)/K{H^) consider 
X = x\c(j) then x E A/(C(T)) = T. Hence M{A) is fibered over T, i.e. 

A/(A) = U Mx, 

where 

Mx ^{xe M{A) : i = x|c(T) = -^a}. 

Let x e M{T{PC)) with x e Mx^ and ?/ G M{QC) with y e A/a^ such that 
Ai 7^ A2. And let z G [0,oo] be arbitrary. Then there are functions ai,a2 G C(T) 
such that T'ai(a;) = ai(Ai) = 1112(2:) = a2(A2) = 1 and || 0102 ||oo< 1- Since 

II Pai'Pa2 lie II ^aia^ lie 

and 

II Taiaa ||e = || aia2 ||oo 

we have 

II Ta^Ta^ ||e=|| 0102 ||oo< 1 

So for ■d{t) = 1 we have ^{z) ~ 1 and 

II Ta^Ta^D^ \\e=\\ Ta^Ta^ ||e=|| 0102 ||oo< 1- 

Hence {x,y,z) ^ A/(^'). So if (x, z) G A/(^') and x G Mxi, y G Mx2 then Ai = A2. 

Now let X G M{T{PC)) and y G M{QC) with a;, y G A/a such that A 7^ 1. And 
let z G [0,00] with z ^ 00. Then there is a G C(T) and G C([0, cxj]) such that 
a(A) = = 1. Using the isometric isomorphism $ introduced by equation (5) 
we have 

II TaD^ 11 = 11 O {TaM O $ 11 = 11 Ta^^^ Wh^U) 

where 02 = o o £ and = $ o o <I>~i. Let a and "i? have compact supports, let 
1 be out of the support of a and let d be 



t9(w) if u) > 
■&{~w) if < 



Since A 7^ 1 and 1 is out of the support of a, 02 has also compact support in M. We 
have 

where P : L'^ ^ is the orthogonal projection of L^(]R) onto iJ^(H). So we have 

II Ta^D^ ||ff2(g)<|j Ma^D^ IIl2(R) • 

By a result of Power (see [Pow2] and [Sch] ) under these conditions we have 

II Ma.b^ ||l2< 1 ^11 Ta.Ta.D-O \\m< 1 (14) 

where ai = 1. Hence we have {x, y, z) ^ M{'^). 

So if (a;, y, z) G A/(C'), then either z = oo or a;, y G Mi. 

Let z = oo and x G M{PC), y G M{QC). Let oi G PC, 02 G QC and 
7? G C([0,oo]) such that 

< ai,a2,'i? < 1 and Ta^{x) = d-iiy) = ^5(z) = 1. 
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Consider 



n -i oP"^ (n,--i oC") 



^HJ-aioC-l-a-ioe \\H'^{m)e~\\ -L^i)-'- {aio£)(a20iC}-^ 1 1 ([0,oo))e 
= 11 M{,F{F^'^M^^^^^^F)M(^aiO<t)(a20<t)^^^ ||L2([0,oo))e 

= 11 ^■^i3-^^'^(aiof)(a2oC)-^""^ II L2([0,oo))e ■ (15) 

Fix a compact operator K G K{H^). Since x,y G M\ are on the same fiber we have 
II 0102 ||oo= 1- Hence it is possible to choose g £ L^([0, oo)) with || g \\l^([o.oo))^ 1 
such that 

II (-^A^(aio£)(a2oC)^"^)g ||> 1 ^ £ 

for given e > 0. Since i?(oo) = 1 there exists wq > so that 

1 - £ < -diw) < 1 Vw > Wq. 

Let to > Wo suclitliat || KS-t„g \\< s. Since the support of (5_t(,J^A/((jjoC)(o2oe)-^^^)5 
lies in [to, oo) where St is the translation by t, we have 

II Mtf(5_t„^M(,^oc)(a2oc)-^"')5 + KS^t„g h (16) 
> inf{z?(u;) : w £ (wo,oo)} || {J^M(a,o€){a2o€)J^~^)9 II2 -e > (1 - - £ 
Since 

and 5-40 is an isometry on i^([0, 00)) by equations (15) and (16), we conclude that 

II M^FM(aiOlt)(a2o€)J^ ^ || L2([0,oo))e = || Di)Ta^o€Ta20iZ \\H'^e= 1 

which implies that {x,y,oo) G M(*) V.t € M{T{PC)) and y G M{QC) with 
x,y€ Ma. 

Now let X e Mi{T{PC)), y e A/i(QC) and z e [0,oo]. Let ai € PC, aa € QC 
and ■& e C([0, oo]) such that 

fa,{x)^d2{y)^d{z)^l and < ai, 03, < 1- 

We have two cases: Either oi is continuous at 1 or ai is not continuous at 1. 
Suppose ai is continuous at 1. 

By a result of Sarason (see [Sari] lemmas 5 and 7) for a given £ > there is a 
(5 > so that 

l«2(2/)-^ /'a2(e' V|<£. (17) 

Since 02(1/) — 1 and < 02 < 1, this implies that for all £ > there exists ujq > 
such that yl — £ < a2o£(w) < 1 for a.e. w with | |> wq. Since ai is continuous 
at 1 we also have VI — £ < ai ° £(w) < 1 for a.e. w with | w |> wq. Hence we 
have 1 — £ < (fli o £02 o £)(i/;) < 1 for a.e. w with | it; |> wq. Let be 



'd{w) 

Then we have 



^{w) if w > 
if w <Q 



D^T{aio€)(a2o€) — D ^^i{aioC){a2oC)- (18) 
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Let e > be given. Let g E so that || g ||2= 1 and || D^g j|2> 1 — e. Since 
1 — e < (ai o £a2 o €){w) < 1 for a.e. w with | w \> wo, there is a wi > 2wo so 
that 

II Sw^g — M(ajoe:)(a2oe:)'5'!i.i3 ||2< 2e. 

Let X e K{H^) and let wi > 2wo so that || i^S^^g ||< e. We have || ||= 1 and 
this imphes that 

II D^S^^g - D^M^aio€){a2o€)Swig " KS^^g \\2< 3e. (19) 
Since S^D^ ~ D^Sw and Sw is unitary for all w G K, we have 

II D^M(^aia<t){a2oC)Swig + KSw^g ||2> 1 - 4£: 
and this implies that 

II D^Ta.Ta, II e= 1 

Now let ai be discontinuous at 1. Then since a; = (1, t) where T^^ (x) = T^^ ((1, <)) = 
tai(l") + (1 - t)ai(l+) = 1 and Ta^{x) = 1, if < t < 1 then ai(l") = ai(l+) 
(since < ai < 1), this implies that ai is continuous at 1 and this contradicts our 
assumption. So i = 1 or i = 0. This implies that ai(l^) = 1 or ai(l+) = 1. If 
ai(l+) = 1 then the same arguments leading to equations (18) and (19) apply and 
we obtain 

II Di}Ta,Ta2 |U= 1. 

If ai(l^) = 1 then we proceed by the same arguments by replacing S^i with S-w-i 
and similarly we obtain 

II D^Ta.Ta, \\e=l. 

□ 

3. ESSENTIAL SPECTRA OF LINEAR COMBINATIONS OF TOEPLITZ AND 
COMPOSITION OPERATORS 

In this last section we give an application of the main theorem above to the 
problem of determining the essential spectra of linear combinations of certain class 
of Toeplitz and composition operators. 

In [Gul] we showed that if : D E) is of the following form 

. y+i'-y'-f (20) 

2i + 77(z)(l - z) 

where 77 € ff°°(D) with 5(77(2)) > e > for all z G D, then 3a e R+ such that 

00 

C^p = r 2,+„(^)(i-^) T(^ia-r]{z))"Di}^, (21) 

n=0 

where "dnit) = ■ By equation (21) we deduce that if 77 G QC then 

G ^(PQC(T), C[0, 00]). Using this fact we can extract a full characteriza- 
tion of essential spectra of operators TaC^ and C<^ + Ta where ip is as in equation 
(20) with 77 G QC and a G PC. We formulate our result as the following theorem: 

Theorem 4. Let a G PC(T) and rj G QC{T) with 5(77(2)) > e > for all z e B. 

Let : D — > D be an analytic self-map of D of the following form 

2iz + 77(z)(l - z) 



(p{z) 



2i + 77(z)(l - z) 
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then for : H^{]D)) H^{B) and Ta : -ff^C©) ^ H^{n) we have 

{(sa(l-) + (1 - s)a(l+))e'^* : z e Ci(77),t e [0,cx)] and sG [0,1]} 

{(sa(A-) + (1 - s)a(A+)) + e'^* ; z e Ci(r/),t e [0,oo], A G T and s e [0, 1]} 

where Ci{rj) of r] G is the set of cluster points that is defined as the set of 

points z G C for which there is a sequence {zn} C D so that Zn — > 1 and rj{zn) — >■ 
z, a{X^) = limg^o+ a(Ae*^) and a{\~) = linig_^o- a(Ae**). 

Proof Let * = ^{PQC{T),C{[Q,oo]))/K{H^{n)). Since * is C*-subalgebra of 
the Calkin algebra B{H^)/K{H^) and [TaC^] S by equation (2) we have 

<ye{TaC^) = a B(H^)/ K(m){[TaC^]) = (y-^{[TaC ^]) . (22) 

Since \E' is a commutative C*-algebra, by equation (3) we have 

<T^{[TaC^]) = {[TaC^m : </) e A/(*)} (23) 

By the Main Theorem above, for any cf) G M(\E') we have = (a;, y, oo) G M{T{PC))x 
M{QC) X [0,oo] where x,y S Ma or = (a;,2/,z) G M{T{PC)) x Af(QC) x [0,c»] 
where a;, y G Mi and z G [0, oo]. 

Let 4) = ix,y,z) G M{T{PC)) x M{QC) x [0,oo] with x, y G Ma, A 7^ 1 and 
z = 00. Then by equation (21) we have 

00 

[raC^]((/)) = (l)(\TaT 2i+^{z){l-z) J'(m-tKz))"^i?„]) = 

CJO 

, + )y{T(in,-,-i(j,)y^)'dn(oo)- (24) 

Since i9„(oo) = Vn G N we have 
in this case. 

Now let (j) = ix,y,z) G M{T{PC)) x M{QC) x [0,oo] with .t,?/ G Mi and 
z G [0,00]. We observe that since y G Mi, [ r2i+„(z)(i-») ](y) = 1 and hence by 
equation (24) we have 

[TaKm = E <[TaWa - f,iy)r ^~'''J = 

^(j,^)^-.. y ih^z)i^a~vmr ^ .^T^y.niv) (25) 

By a resuh of Shapiro [Sha] we have for any A G T, 

{fiiy):yeMxiQC)}=Cx{r^) 

since ry G QC. Since any a; G Mi(T{PC)) is of the form .t = (1, s) with (1, s)([ra]) = 
sa(l-) + (1 - s)a(l+) where s G [0,1] we have x{[Ta]) = sa{l-) + (1 - s)a(l+) 
where a(l^) = hmg_^Q+ a(e*^) and a(l~) = hmg_^o- a(e*^). Combining these with 
equation (25) the proof of (i) follows. 
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The proof of (ii) follows by a very similar manner: Like in equation (24) we have 

oo 

where = (a;, y, z) e M{T{PC)) x M{QC) x [0, oo]. For z ^ oo we have 0([C^]) = 
0. If x, 2/ € Ml then as in equation (25) together with the result of Shapiro [Sha], 
4>{[Cip\) = e^^" for some /i G Ci{'q) and z € [0,cx)]. As in equations (22) and (23) 
we have 

(Je{Ta + C^) - {[Ta + C^](0) : </- € Af(*)} 
and the proof of (ii) follows. □ 
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